Chuong 3
CHUOI

3.1. Chudi sb

Muc dich

Bai toan tinh gid tri gan ding ctia mot ham sb tai diém x; gan véi diém Xo
ma gia trj f(Xo) d6 biét rat hay gip trong thuc té: bai toan 1ap biéu do, bai toan nodi
suy,...Viéc tinh toan tréd nén don gidn nho cac phép tinh co ban +, -, ., / va luy
thira khi d6 khai trién ham s thanh chudi Taylor. Viéc biéu dién mot tin hiéu
phu:c tap thanh cac tin hiéu don gian hodc cac song phure tap thanh cac song don
gian chinh 12 nho vao viée khai trién mot ham s0 thanh chudi Fourier. Pé ¢ dugc
co s& giai thich cho cac bai toan dang trén can nam viing céc ndi dung cia ly
thuyét chudi.

Trong myc thi nhét can nim viing cac khai niém: hoi ty, phan ky cta chudi
s6. Ludn ludn ghi nhé diéu kién can cta sy hoi tu dé nhan biét vé kha nang phan
ky cta chudi s6. Khi xem xét cac tinh chat cua chudi sé hoi tu phai nghi ngay
xem cac chudi phan ky ¢ tinh chat d6 khong. Piéu nay hoan toan giéng nhu cac
day s6 hoi tu, cac ham lién tuc, cac ham kha vi,... Phai nhan biét sb hang téng
quat ciia chudi s6 dé phan loai dugc cac dic tinh cta chudi s6: chudi sb duong,
chudi s6 dan dau hay chudi s6 c6 dau bat ky dé tir d6 sir dung céc tiéu chuan thich
hop dé két luan vé su hoi tu ctia nd. Pbi vai chudi sd duong khi dung tiéu chuan
so sanh phai luon dung dén chudi Riemann®. Bén canh d6 phai nim ving céc tiéu
chuan D’Alembert?, tiéu chuan Cauchy®, tiéu chuan tich phan Cauchy-Mac
Laurin dé xem xét su hoi ty, phan ky cua chudi s6 duong. Déi véi chudi dan dau,
c6 dinh 1y Leibnitz, dinh 1y cho ta diéu kién du dé nhan biét sy hoi tu ctia nd. Pinh
ly nay dong vai tro rat quan trong trong viéc danh gia sai sd ctia nhiéu bai toan
tinh gén dung. Trong dinh ly nay, diéu kién day sb (a,) don diéu giam la rat quan
trong, nhiéu sinh vién hay bo qua diéu kién nay. Khi xem xét chudi s6 c6 s6 hang

! Georg Friedrich Bernhard Riemann (17.9.1826-20.7.1866) 1a mét nha todn ngudi Dire, ngudi d6 cd nhidu
ding glip quan trong vao nganh giai téch toon hoc va hdnh hoc vi phon, 13 ngudi xdy dung nén tang cho viéc
phot trién ly thuyét twong d6i sau nay.

2 Jean le Rond d'Alembert (16.11.1717- 29.10.1783) 1a mét nha toon hoc, vat 1y hoc, co hoc, triét gia nguoi
Phop.. Phuong phop gidi phuwong trdnh sing clia D'Alembert duwgc dat theo ton ung.

3 Augustin Louis Cauchy (d6i khi tén ho duoc Vlet Cé- SI) (21 8.1789-23.5.1857) la mot nha todn hoc nguoi
Phép. Cong trinh 16n nhit cua 6ng 1a 1y thuyét ham sé véi 4n sb tap, ong cung dong gop rat nhiéu trong linh vuc
toan tich phan va vi phan, ong da dit ra tiu chuin Cauchy dé nghién ciru vé su hoi tu ciia cac diy trong toan hoc.



¢ dau bat ky tru('rg hét nén xét su hg)i tu tuyét ddi ctia né vi khi do ¢6 thé loi dung
duoc cac tiéu chuan hoi tu gﬁa ghuéi s0 duong. ‘ N

Trong muc thtr hai can nam viing khai ni¢m mién hoi tu cia chudi ham vi
bai toan tim mién hoi tu cua chudi ham 13 mét trong cac bai todn co ban. Khai
niém hoi tu déu cua chudi ham 13 khai niém rat kho cling nhu khai niém lién tuc
ctia ham sb. Chinh vi thé phai doc k¥ va hiéu chinh xac khai niém nay. Nho vao
su hdi tu déu cta chudi ham ma c6 thé thuc hién duoc cac phép tinh giéng nhu
cac phép tinh vé tong hitu han. Piéu kién du dé nhan biét chudi ham hoi tu déu
hay st dung 14 tiéu chuan Weierstrass.

Trong muc thir ba can nim viing tinh chit dic biét vé mién hoi tu ctia chudi
luy thira thong qua dinh 1y Abel®. Chinh vi thé phai thudc qui tic tim ban kinh hoi
tu cta chudi luy thira. Can luu y cach tim ban kinh hoi tu ctia chudi luy thira cach.
Biét cach 4p dung cac tinh chét cta luy thira: phép tinh dao ham, phép tinh tich
phan c6 thé tinh duoc tong ctia mot s6 chudi ham. Khai trién Taylor tai lan cén
Xo hoac khai trién Mac Laurin thuc chat 1a cach biéu dién ham sd thanh chudi luy
thira. Y nghia that r6 rang: mot ham sb dugc biéu dién qua mot da thirc ¢6 bac vo
han, viéc tinh gia tri gan dang cua né théng qua cac phép tinh +, -, ., /, luy thira.
Tuy nhién phéi luu ¥ dén diéu kién da dé ham sé khai trién thanh chudi luy thira.
Can nh¢ khai trién cac ham sé thong dung thanh chudi McLaurin dé tir 46 nho
vao phép doi bién thich hop c6 thé giai quyét cac bai toan khai trién thanh chudi
Taylor tai 1an c4n Xo ma khong phai tinh dao ham. Chd y rang cling nho vao khai
trién Taylor ma co thé tinh duoc téng ctia mot s chudi sd.

Trong muc thir tw cdn ndm vitng cong thirc tinh cac hé sé Fourier® ctia ham
s6 f(x). Nam vimng cac dang chudi Fourier: dang chudi luong gidc va dang phtc.
Niam ving cac dang chudi Fourier khi ham s6 o tinh chét ddc biét: ham chin, ham
1¢, ham tuan hoan v4i chu ky T. Bén canh dé biét cach biéu dién ham sé d6 cho
theo c4c ham sin hodc cosin. Phai chu y dén dinh 1y Dirichlet® - diéu kién du khai

4 Niels Henrik Abel (5.8.1802-6.4.1829),1 mot nh tdn hoc ngwdi Na uy ci nhiéu ing gip trong gidi tich ¢ ai
s8, trong 1 ci chirng minh phwong trinh bac ndm khong gidi wgc bang cin thirc.

® Jean Baptiste Joseph Fourier (21.3.1768-16.5.1830) la mot nha todn hoc ngudi Phap. Ong duge biét nhidu véi
viéc thiét 1ap chudi Fourier va tmg dung trong nhiét hoc

®Johann Peter Gustav Lejeune Dirichlet (13.2.1805-5.5.1859) 1a mét nha toan hoc ngudi Pire, ngudi duge cho
la nguoi dua ra dinh nghia hién dai ciia ham so.



trién ham thanh chudi Fourier va van dung dinh 1y d6 dé tinh tong ctia mot chudi
50.

Cic khdi ni¢m

Chuong nay ta s& xét dén 1y thuyét cac tong vo han: chudi. Tuy 1a mot
truong hop riéng cua diy, nhung vi vai trd va cac tinh chat dic thu cua nd, nén
thudng 1y thuyét chudi duoc khao sat riéng. Chuwong nay ciing néu mot sd dau
hiéu thuong duogc str dung dé xét su hoi tu cua chudi sd.

a) Dinh nghia
Mot chuoi so lap tir day so (un) la tong hinh thurc vo han
Up+u; +up + -+ uy + = 22 U

Diy tong riéng thi n ciia chudi: S, = Y/ o Uy = U + Uy + -+ + U,
Phan du thir n cia chuoi r, = Zk Cn+1Uk = Ungs T Unyp +-

Chudi trén goi 14 hoi tu vé S néu va chi néu ton tai llr_p S, = S.Khido
n—->+oo

ta n6i chudi cé tong 1a S, va ky hicu Y5, uy, = S. Truong hop nguoc lai, nghia
la gi61 han trén khong ton tai, thi chuoi goi 1a phan ky.

Vidu 3.1:

a) Xét chudi hinh hoc : Y ox® =1+ x + x2 + -

_~n+1 , ~
Khix # 1, taco Sy = 1+ x +x* + -+ x™ = —— Viy néu x|<I, chudi

hoi tuva Y&, xk = i néu |x| = 1, chudi phan ky.
b) Xét chudi diéu hoa : Ny == 1+ 4=+ -
So sanh dién tich mién giGi han boi do thi ham y = i € [1,n],tacod
1 1 2 dx 3dx " odx
Sp=1+=+=+-4+=>| —+ —+---+j — =Inn
2 3 1 X , X n-1 X
Vay chudi diéu hoa phﬁn ky.
c) Xet ZZ‘;l Z=1+5+5+-.50 sanh timg sb hang ta c6
S—1+1+1+ +1 by
22 32 1. 2 2.3 (n—1)n
1 1 ~ ~ 2 <A < '
<1 +I_E+~§_§+ ---+E+;< 2 - Vay day tong riéng tang va bi
chan trén nén chuoi hoi tu.
d) Chudi Y5> o(—1)¥ =1 — 1+ 1 — 1 ... phan ky vi ddy tong riéng la diy 1-
0.

e LA r A P X 0 1
Bai tap: Tinh tong cta chuoi ), ;- D"
b) Cdc dinh ly so sanh
Cac dinh 1y sau giup ta xét sy hoi tu hay phan ky ctia mot chudi sé duong
bang cach so sanh nd vi mot chudi sé ma ta dd biét hoi tu hay phan ky .
Pinh Iy 3.1. Cho hai chudi s6 dwong ¥, uy, Yoo, Vg, trong d6 uy, < vy,



vn=1.

- Néu chudi s6 Y5>, v hoi tu thi chudisé Y, u hoi tu.

- Néu chudi scf) k=1 U phan ky thi chudi sé6 Y2, v), hoi tu. o

(Tuy nhién d¢ d¢€ nhé két qua cia dinh 1y (3.1) ta thuong phat biéu: néu
chudi "1én” héi tu thi chudi "nhé” hoi tu; néu chudi "nhod” phan ky thi chudi
"l6n" phan ky).

Bai tdp: Chirng minh dinh 1y trén.

Vi du 3.2: Xet su h01 tu cua cac chudi sd

X 1 n e N X.
a) Ve 15 18 CO S vynz 1 ma chuoi Z,‘f:lg—n hoi tu nén chuoi
Y 175 h01tu
1
b) Zn:1p taco— <

X. 1 e
chuoi Y-, — hoi tu.

1 . X co 1 A A
D V n > 1 ma chuoi Zn:l—n(n—l) hoi tu nén

C) Ymeq \/%, tacd —=>1=, Vn>1machudi Yo 15 & phan ky nén chudi

§|

o) 1 A |
Y51 phan ky.
DPinh 1y 3.2. Cho hai chudi s6 duong Y%, uy, Y5, V. Néu ton tai gidi han
hitu han lim = —% =k > 0 thi hai chudi d6 cung hdi ty hay cung phan ky.
n—o0o vn

Bai tap: Chung minh dinh 1y trén.

Vi du 3.3: X¢ét su hoi tu cﬁa cac chuoi so

a) Yope 1sm— tach lim ——2= = 1 > 0 ma chudi Y 15 h01 tu nén chudi

n—>0oo Z_n

Z‘;?:l Sln _n’ hOI tu'

Vn
b) Yoe 1ot cO lim &2 = 1, ma chudi Y2, \/% phan ky (vi du trén) nén
n—-oo ﬁ
chudi Z;‘f’_l ﬂ phﬁn ky.
1
C) Ypme=1 ( — 1), khin — oo, en — 1 1a mdt vo cimg bé tuong duong voi

1 Dodé= (en — 1) tuong duong V01 ~ma chudi Yy, ~ ho1 tu (vi du trén) nén
chu01 do cho hoi tu.

c) Cac ddu hiéu hoi tu

Tiéu chuan cho chudi sé duong: Gia st u,, > 0, Vn. Khi d6 chudi ¥%_; u,,
khi va chi khi day téng riéng bi chén nghia 13 ton tai M, sao cho ¥1_, uy,, Vn.

Hé qua. (Diéu kién can) Néu Zk o U hoi tu thi 11m u, = 0.

k— oo

Chay rang day 1a diéu kién can, diéu nguoc lai chua chic dung, co nghia
mot chudi s6 dwong Z k=0 U CO llm u, = 0 nhung chua chac hoi tu. Vi dy nhu

chudi diéu hoa Y5 0 2 ¢6 56 hang tong quat dan vé 0 nhung khong hoi tu.
-Dau hiéu D’ Alembert



Cho chudi s6 duong Y%, u,. Néu lim = = D, khi D<1 chudi hdi ty,

n—oco Un
khi D>1 chudi phan ky.
Chirng minh:

Truong hop D<1. Vi D<1 chon & du bé sao cho D+ e<1. Khong mat tinh
téng quat ta gia st Vn>1 = < D + ¢.

Un
Vay u;<uy (D + ¢),
Uz < uy(D +¢) <u (D +¢e)2...
u, <u;(D+e&)* ...
Vi D+ e<1 nén chudi Y5, u; (D + €)™ hdi tu, theo dinh 1y so sanh 1
chudi Y%, u,, hoi tu.
Bai tap: Ching minh cho truong hop D>1.

Vidu 3.4:
Xét su hoi tu cia chudi s6 duong
(n+1)2 1
a) N, = et " taco lim 2t — Jim 3 = - < 1, vay chudi hoi tu.
n—o Up n—-oo n_n 3
3
Tl 7
b) Yot — 1aco
(n + 1)Tl+1
. Uptq ) n+1)! ) 1 1
lim —= = lim ¥= lIim(n+ DA +)"—=e>1,
n—oo uTl n—oo n- n—-oo n n
n!
vay chuoi da cho phan ky.
2"+
Vi du 3.5: Xét sy hoi tu ciia chudi Yoo, 3n+r;
Taco
214 (n+1)2
Unt1 _ 3™ Tint1 lim Yt =E< 1
Un 2M4n2 n—oo Un 3 .
3M4+n

Theo dau hiéu D’ Alembert chudi hi tu.
Chay: Khi lim =2 = 1 chudi c6 thé hoi tu ciing c6 thé phan ky. Vi du

n—-oo Up

1

ta xét chudi Yoo 17 (chu01 diéu hoa) c6 lim Z“ = lim & = 1 va day la mét
n—-oo n n—-oo ;
chudi phan ky, nhung chudi Y20 13 CO lim = = 1 nhung lai 13 mot chudi hoi

n—-o Up

tu. Tém lai khi mot chudi so du’(mg c6 lim 222 = 1 ta khong thé két luan hoi ty

n—oo un
hay phan ky, khi d6 ta dung dau hiéu khac dé xét tinh hoi tu ctia no.
- Ddu hiéu Cauchy
Cho chudi s6 duong ¥, u,,. Néu lim */u,, = C, khi C<1 chudi héi ty,
o n—-oo
khi C>1 chuoi phan ky.
Bai tdp: Ching minh dau hiéu Cauchy.
Vi du 3.6: X¢ét su hoi tu ciia chudi



a)Z(iZii)n

3L 3 s Xe 4 A
ta co rlll_rLlo Muy, n_)oo g = 2 YAy chuoi hoi tu.
b) z <4n + 1)
3n+ 2
LA S X A 1
ta cé rlll_rLlo Muy, n_)oo Ty = 5 VAY chudi phan ky.

C)ZW,

tacé lim %/u, = lim = 0, vay chudi hoi tu.
n—oo nooconinn > Vay vt

- Ddu hiéu tich phén
Cho chudi s6 duong 3., u,,. Néu ton tai ham f(x) lién tuc trén [1,+ ),
liI_El f(x) = 0 vaf(n)=u,. Khi do,
x—+00
-Néu [ f(x)dx hoi tu thi chudi hoi tu;
-Néu [ f(x)dx phan ky thi chudi phan ky.

Chung minh:
A A
y y
W (U — - ur| u Un [ —0 s

0 X 0 X

Hinh 3.1
ta dé dang chiing minh dugc rang

n+1

Uy + Uz + -+ Upyq < J f)dx <uy +uy + -+ uy,

hay

n+1

Sne1 — U < f f(x)dx < Sp



Néu [7 f(x)dx hoitu, ta co Spyq < [1 F()dx +uy, viy diy tong
riéng bi chin nén chudi hoi tu.

Néu [ 1+°° f(x)dx phénky, taco [ 1n L f(x)dx < S, vay day téng riéng
khong bi chin nén chudi phan ky.

Vi dy 3.7: Cho chudi s6 S5, — (chudi Riemann). Vi a < 0w, + 0 khi
n — oo, vay chudi phan ky. Vi a > 0, xét ham f(x) = — thoa mén céc diéu
kién ap dung d4u hiéu tich phan. Khi 0 < a < 1 tich phan flwxiadx, phan ky nén
chudi phan ky.

Khi 1< @ tich phan [[” — dx, hoi tu nén chudi hoi tu.

d) Chudi c6 s6 hang véi dau bat ky
- Hoi tu tuygt d6i, ban kinh hoi tu
Xét chudi s6 Y%, Uy, cac s6 hang Un 0 thé duong, hodc am. Day cac tong

riéng thir n cua no chua chac 1a mot day sd ) tang, vi vay néu ddy s6 4y bi chan trén
khong c6 nghia 12 ton tai lim S,,, nén chudi chua chic da hoi tu. Thuong khi gip

n—>o

chudi s6 ¥, u,, trude hét ta xét tinh hoi tu cua chudi sé duong Y&, |uy, |.

Pinh Iy 3.3. Néu chudi s6 duong Y., |u,, | hoi tu thi chudi sé Y%, u,, hoi
tu.

Chirng minh: Goi 0,,, S, S’y S’ 1an luot 13 tong riéng thir n ciia chudi
> un | 2wy, 3, u, v6i Uug>0 (chi tinh tong cac u, duong), ¥, —u,
v6i u,<0 (chi tinh tong cac U, am).

Ta dé dang c6 dugc S,=S"4-S" "y , theo gia thiét chudi sé duong ¥, |u,, |
hoi tu nén ton tai lim o,. Cac diy tong riéng {S’}, {S’n} ting va bi chan trén

n—-oo
boi lim o, nén hoi tu va lim S, = lim S, — lim S",,.
n—-oo n—)OO n—>00 n—->oo
sinn
le

nn
nz’

Vi du 3.8: Chudi Yo, ta co

1 . X o 1 . X.
< — va chuoi Zn=1ﬁ la chuoi
;‘rm h,\ .

Pinh nghia 3.1. Chudi 3.%_, u,, goi 1a hoi tu tuyét d6i néu Zn:1 |u,, | hoi tu,
goi la ban hoi tu néu Y;—, u, hoi tu, nhung Y.7—; |u, | phan ky.

Chay:

i) Piéu kién X |u, | hoitula diéu kién du dé 3.°_, u,, hoi tu chir khong
phai diéu kién can. C6 mot sb chudi 3., u,, hoi tu, nhung ¥, |u, | phan ky,

Riemann hdi tu nén chudi Y, —2

vi dy nhu chudi Y5, T) hdi tu nhung |Zn=1 %| phéan ky, ta sé chung minh
Sau. ) ) .

1) Néu dung qui tac Cauchy hay D’Alambert ma chirmg minh dugc chuoi
Yom=1 |un | phan ky, khi d6 Y5, u,, cling phan ky vi u,, » 0 khin — oo.

- Chudi dan dau

Chuoi dan dau c6 dang



400

PGV

n=1
trong d6 u,, > 0. ) )
Pinh ly 3.4. (Leibniz) Néu chuoi dan dau c¢6 {u,} la day giam va
lim u,, = 0 thi chuoi dan dau hdi tu va c6 tong S<us.

n—-oo

_uz +...+...

Ching minh: i
Neéu n 1a s6 chan, xét tong riéng
SZ‘l’l =U; — Uy + Uz — Uy + -+ Uzpn—1 — Uy, fa Cé
S = (U1 —up) + (Uuz —uy) + -+ (Uzn—q1 — Uzn) >0
nén {Szn} 1a day so duong va
Son = Uy — (Up —uz) — (Uy —Ug) — - — Upp) < Uy
nén {Szn} la day so bi chan trén nén lim S,,, = S < u;.

/4 14 2 . n—-oo ,
Neéu n l1a s6 1é, xét tong riéng S,,,41 = Sy, + Usp4q, 1 CO
hm SZTl+1 ES hm SZTL + llm u2n+1 - S
n—oo n—oo n—oo

Vidu 3.9:
. Xe 2:A 1 a too (F1MT 11
a) Xét chuoi dieuhoa Yp &y ~——=1—--+ -+
Chudi théa mén dinh 1y Leibniz nén chudi hoi tu.
+oo (" t2n-1)
b) Xét chudi Y%

n
Chudi c6 u,, » 0 khi n — oo nén chudi phan ky.

(-t
n

+...

3.2. Chubi lity thira
3.2.1. Chuébi ham

a) Dinh nghia
Chuo6i ham 1a chu6i ma cac s6 hang cia n6 la nhitng ham cua bién doc lap

Xét chudi ham:
oo
> () (3.1)
) n=1 . . 2
Néu cho x mot gia tri Xo nao d6, chuoi (3.1) sé tro thanh chuoi soO
> u,(x,), vOi cac gia tri xo khic nhau ta s& co cac chudi s6 khac nhau. Néu
chudi s6 Y2, u,(x,) hoi tu thi Xo dugc goi 1a diém hoi tu, néu chudi sb
Ym=q Up(xo) phan ky thi Xo dugc goi 1a diém phan ky.
Tap hop cac diém hoi tu duoc goi 1a mién hoi tu cta chudi ham.
Tong

n

5200 = ) () (32)

k=1



duoc goi 1a tong riéng thir n ctia chudi (3.1). Néu ton tai lim S,(x) = S(x) thi
n—>00
S(x) dugc goi la tong cua chuoi ham (3.1). Khi ay ta n6i chuoi ham (3.1) hoi tu
ve ham S(x).
Vi duy 3.10: o
Xét chudi ham 1+x+x%+...+x"+.... d6 1a cap s6 nhan vo han c6 cong boi 1a
X. Chudi hdi tu khi |x|<1, vay chudi ham Y52, x™ hoi tu véi VX e(-1,1) va c6 tong
S(x) = i Ta c6 thé néi chudi ¥, x™ c6 mién héi tu 1a (-1, 1).
b) Héi tu, hdi tu déu
Dinh nghia 3.2. Chudi ham s6 2in=1Un (x) dugc goi la hoi tu déu trén X néu
chudi hoi tu vé S(x) va véi moi & > 0 ton tai mot s6 n, € N sao cho
n=>ny = |5,(x) —Sx)| <eVx €X.
Vi du 3.11: Xét chuoi ham
e (_1)n+1
x%>+n

n=1
(_1)n+1

day la mét chudi dan dau, lim = 0 nén chuoi thoa man cac diéu kién cua

n—-oo X 24n
dinh 1y Leibniz, nén chudi hoi tu VXER. Phan du thr n cua chudi cling 1a mot
chudi dan dau nén c6 tong ve tri tuy¢t doi beé thua tri tuyét do1 cua s6 hang dau
tién cua no, nghia la

1S(x) = S ()| <

> < 1 .
x“+n+1 n+1

Néu$< € (:>§< n + 1, do d6 ta chi can chon n, = [i— 1] thi
|S(x) — S,,(x)| < & véi moi n>ng. Véi cach chon nhu vay rd rang ng khong phu
thudc vao x€ R nén chudi dang x¢&t hoi tu déu.

Trong céac bai toan k¥ thuat sy hoi tu déu co6 y nghia rat 1on, ta hinh dung
mot cach hinh hoc rang tong cua chudi S(x) 1a mot "sgi ddy" ma vi moi € bat ky
ta ludn chi ra dugec mot s6 No nao dé6 ma véi moi N>ng thi do thi cia Sp(X) nam
gon trong mot dudng éng véi tAm 13 "sei ddy" voi ban kinh &

Hinh 3.2

c) Tiéu chuan hoi tu déu
- Ti€u chuan Cauchy



Chudi ham sb6 Y%, u,, (x) hoi tu déu trén D khi va chi khi véi moi € > 0

t6n tai mot s6 ny € N sao cho v6i moi p>g>ny ta co
7 |Sp(x) - Sq(x)| < g Vx €D.

- Ti€u chuan Weierstrass

Cho chudi ham sd Y%, u,, (x). Néu t6n tai chudi sé duong 3.%_; a,, hoi tu
va |u,(x)| < a,,¥n € N,Vx € D thi chudi ham Y%, u,,(x) hoi tu tuyét ddi va
déu trén D.

Chirng minh:

Khi ta xét tai mot gia tri X nao do, chudi Y., |u, (x)| tré thanh chudi s6
duong, theo dinh 1y so sanh ta d& dang thay dugc chudi Y%, |u,, (x)| hoi tu, co
nghia chudi Y., u,, (x) hoi tu tuyét dbi.

Vi chudi ¥%_; a,, theo tiéu chuan Cauchy ludn ton tai no Sao cho V p>g>ny;
q

Y a<e

n=p+1
Do d6 |S,(x) — Sg(0)| = [ugsr () + -+ up,(0)| <
|uq+1(x)~| + -4 |up(x)| < Aq+1 + - +a, <e. 7
Vay chudi ham da cho hoi tu déu trén D theo tiéu chuan Cauchy.

3.2.2. Chuéi liiy thira
Pinh nghia 3.3. Ta goi chudi luy thira 1a chudi ham c6 dang:
+00

Z a,x™ = agx’ + ajxt + -+ a,x™ + - (3.3)
n=0
Pinh ly 3.5. (Abel) Néu chuoi luy thira Y72, a,x™hdi tu tai x=Xo #0 thi
nod hoi ty tuyét doi tai VX: [X|<|Xol.
That vay, chudi Y12, a,,x™ hoi tu tai X=Xo 20 nén chudi s6 1%, a,,x," la
chudi hoi tu nén so hang tong quét a.xo” dan dén 0 khi n—o0, do d6 anXo" bi chin

c¢6 nghia ton tai M >0 sao cho |anXo"| < M Wn.
n

, X n , o X n X
Tacd, X 3 anx™ = Y18 a, xf (—) , VOi [apxy (—) | <M= <M,
X0 X0 Xo
+00
khi |x|<[Xo|. Ap dung dinh 1y so sanh vio hai chudi s6 duong Z a,x" ‘ va
n=0

n
~+00

>M

n=0 0

Tir dinh 1y (3.5) d& dang nhan thay néu chudi luy thira phan ky tai Xo thi s&
phan ky tai moi X ma |X|>|Xo|.

Tir dinh 1y (3.5) suy ra ton tai mot gia tri R (R>0) sao cho chudi lity thira
hoi ty tuyét ddi vxe(-R,R) va phan ky Vx&[-R,R], tai hai diém -R va R chudi co
thé hoi tu cling c6 thé phan ky. Gia tri R d6 dugc goi 1a ban kinh hoi tu, khoang
(-R,R) dugc goi 1a khoang hoi tu ciia chudi. (R ¢ thé bang +oo).

ta suy ra chudi luy thira hoi tu tuyét d6i tai moi X thoa man [X|<|Xo|.




Qui tic tim ban kinh hoi tu

lim|2nt = p (hoac ||m \/ =pP)khido R== Chu ¥ rang cong thirc duge

n—o0

a,
hiéu theo nghia suy rong véi % = 00, é =0, 10 rémg ludn tinh dugc ban kinh hoi
tu véi moi p bat ky.

Vidu 3.12:

Xét chudi lu§1 thra ). o—; %

Tacéa, == : lim a;’“ = 1 = ban kinh hdi ty R=1, chudi da cho hdi tu
n—-oo n

trong khoang (-1 1) Tai x=1 chudi da cho tro thanh Y 15 L 1a mdt chudi phan
D"

ky theo dau hiéu tich phan Cauchy. Tai X=-1chudi di cho tr¢ thanh Z?f=1 la
mot chudi hoi tu theo ddu hiéu Leibniz. Mién héi tu cta chudi da cho [-1,1).
Vidu 3.13:

~- ~ \ n
Xét chudi luy thira 2‘;{’ 1"—

Tacoa, = ; = lim £ = lim — = 0 = ban kinh hoi tu R=co, chudi

n—-oo an n—-oo N+
da cho hdi VxelR.

3.2.3. Khai trién ham thanh chuéi liy thiva
a) Khai trién Taylor
Gia sir ham f(x) c6 dao ham moi cap tai Xo va 14n cén Xo va co thé bicu dién
duoc thanh tong ciia mot chudi luy thira trong 14n can ay, tic 1a

f(x)= Z a, (X-Xo)" =80 (X-Xo ) +a; (x-Xo) +...Ta,(x-Xo)"+... (3.4)
n=0
Trong khoang hoi tu ctia chudi luy thira ta ludn co
f'(x) = a, +2a,(X—X,)" " +..+na, (X—x,)"" +
f'"(x) = 2a,+...

fM(x) = nla +..

f(X,)
a, = —OIO
_ o '(x)
= 1
o, = 1)
N €Y
n!




Khi d6 chudi lu}7 thira c6 thé viét lai:
£ = 250 T8 (- ey ) = £) + (o) (x — 20) +

n!
£ (%) f<">( ) )
S (= xg)? et (x = xo)" + -+ (3.5)
V& phai cong thuc (3.5) duoc goi 1a chudi Taylor cua ham f(x) tai lan can
Xo.
Vi du 3.14:
Khai trién Taylor cia ham f(x) = i tai Xo=1.
Ta co:
f(x) = 1 =1
Xo=1
f'(x)=-1x"" =1
(n) n 1 n
£ (x) =(-1)".nl— =(-1)".n!
Xo=1
f (Xo)

=100=5=2

b) Khai trién Mac Laurin
Khai trién cong thire (3.5) tai Xo=0 ta duoc chudi

ore
o0 =Y L

n=0

=f(0) +f'(0)x +

dugc goi 1a chuoi Mac Laurin.

(X=Xp)" = Z(—l)”(x—l)n

n=0

f(")( )

r 0
PR+ -+t g

3.2.4. Khai trién 1 s6 ham so cip
Vi du 3.15: Khai trién cac ham sau thanh chudi Mac Laurin
a) Khai trién ham f{x)=e*
Ta ludn ~Cé:f(O):f’(O) =f(0)= ...... = f"V(0)=e’=1

vay chuoi Mac Laurin ctia ham f(X)—eX c6 dang:

xTL
fx)=1+ 1|+7+ T+t
b) Khai trién ham f{x)=cosx
Ta co:
f(x) =cosx =f(0) =cos0 =1

f’(x) =-sinx =f’(0) =-sin0 =0



£’(X) =-cosx =f”(0) =-cos0 =-1

f&(x) =sinx =f®(0) =sin0 =0

f4(x) =cosx =f®(0) =cos0 =1

Theo qui luét trén ta dé dang nhén thay:
0 n=2k+1

fMO)=4-1 n =2(2k) k=012..
1 n=2(2k+))

(Tacod thé nhan xét: cac dao ham bac 1¢ thi béng 0, cac dao ham bac chan
thi dan dau 1, -1).

X2 X4 2n o) 2n
—CO0S X :1_E+_+'"+ (-D"

& e X
a =20 G

n=0

¢) Khai trién ham f{X)=sinx

Ta co0:

f(x) =sinx =f(0) =sin0 =0

f’(X) =cosx =f’(0) =cos0 =1

°(x) =-sinx =f’(0) =-sin0 =0

f3(x) =-cosx =f®(0) = -cos0 =-1
f9(x) = sinx =f®(0) = sin0 =0

Theo qui luat trén ta d& dang nhan thay:
0 n =2k
fM0)=4-1 n=2k+1 k=2q+1 k=012.. q=012...
1 n=2k+1 k=2q
(Taco thé nhan xét: cac dao ham bac chin thi béng 0, cac dao ham bac 1¢
thi dan dau 1, -1).

X3 X5 ) X2n—1 © L X2n—1
sSinX=X——+4+——...+ (D" = (D"
= 3 5l D) (2n —1)! Z;( ) (2n—1)!
d) Khai trién ham f(x)=In(1+Xx)
Ta co:
f(x) = In(1+x) —=f(0) =Inl =0
S(x) =t 5(0) =
PO = =F(0)=1
£(x) =(-1)(1+x)? =(0) = -1

(%) =(-1)221(1+x)3  =f(0) = (-1)%2!



fO(x) = (-1)™1(n-1)!(1+x)"=f"(0) = (-1)"}(n-1)!
Vay ta c6 ham f(x) khai trién thanh chudi Mac Laurin:
e (_1)n—1xn
=3 C

n
n=1

Cong thirc Euler
.2 ) . z z2  Z3 PAL
Khai trién Mac Laurin ham e = 1 + o + o + e + .-+ — + .-
Néu z=x€R chinh 1a khai trién Mac Laurin bién thuc, néu z=ix € C ta c6

. (ix)?  (ix)3 (ix)"
X — eoe
e _1+1' TR TR e
ee* =1 x2+ +(1)“x2n+
¢ = 2 2n)!

X X3 x2n+1
(St ot (D) ———— ...
+l<1! gttt D gyt >

= e = cosx + isinx.
eix_l_e—ix

va sinx =

Dé dang ta c6 e Y = cosx —isinx, = cosx =

cac cong thire trén goi 1a cong thuc Euler.
3.2.5. Ung dung tinh gin ding
Gia str ham f(x) khai trién duoc thanh chudi Taylor ¢ l4an cén Xo.
(x0) ( ) ™
FG) = Fro) + T2 = ) + L5 G = 0)? o+ LB Gy
khi d6 v61 moi X thuoc lan can Xo, ta c6 thé xap xi f(X) bang tong riéng thu n cla
chudi.
f'(x0) £ (x0) f(”)( 0)
FO) & fx) + 77 (= X0) + o (r = %) + (x = x0)"
vé phai 1a mot da thuc d6i vOi (X-Xo). Vi€c tinh toan trén da thu:c rd rang dé dang

hon tinh toan trén cic ham s6 khac. Phép tinh gan ding trén duoc danh gia sai s6
bang gia tri tuyét doi cua phan du

IR, ()| =

(n+1)
f (é) |x — x0|n+1’
(n+1)!
vai € thudc 1an can Xo.
Vi du 3.16: Tinh gan ding /e, v&i sai s6 nho hon £=0,0001.
Giai:
Xét ham f(x)=e*, ta co



PG, f§x> —x)? 4

f(x) = f(x) +
f(")(xo)
+ T (x — xo)"

cho x = 7 vy X thude lan can Xg=0. Vay

f'O1, /"0 1 f(")()
w2t 2t n! 4_n+R"()

1
et = f(0) +

FE 1 ef 1
trong d6 R, (x) = D) va E€ (0,1/4), tr do R, (x) = (n+1)l 4+l

Vén dé dit ra ta phai tim n sao cho |Ra(x)|<0,0001?
Ta coet <el/t < 31/4 <2va

e

(n+1)|4n+1 o ).4n+1 < 0,0001.

Ta c6 thé thi truc tlep de tim n: n=3, (4%4 = 0,0000108 < 0,0001, diéu
do co6 nghia chi can tinh téng riéng dén n=3 thi phép tinh gﬁn ding d6 thdéa man
yéu cAu bai toan.

Vi du 3.17: Tinh gan ding ham f(x) = Vx, khai trién dén n=2 va x thuoc
1an can Xo=8, danh gia sai sb v6i X€ (7;9).

Giai:

Khai trién Taylor tai Xo=8

FO0 = Flro) + 0 oy + 5 2 4y 0
F) = 5, £8) = 2
fr) =327 f1(8) = 55
() = —-x-5/3 F(8) = -—

f) —2+—(x—8)——(x—8)2+R2(x)

288
1244 3
V6i Ry(x) =B (x - 8)8 = g G e e i

, VI [x-8P<1vaé >
81¢3

8 8
7nénés > 73> 179,

N _ 5(x-8)3 5.1
Vay, R,(x) = 8152 < 51179 < 0,004.




